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1. Introduction
Recently, Ding [8] introduced the concept of FC-space, which includes many classes of topological spaces with various
convex structure appearing in nonlinear analysis as special cases, for example, L-convex space (see [3]) and G-convex space
(see [18,19]). The concept has become an adequate and important tool for studying various problems in nonlinear analysis,
and for the works on the fixed point theorems, coincidence theorems and intersection theorems established in spaces with
these sorts of abstract convex structure, we refer to Refs. [3–6,9,17–19,22].
In this paper, we first give some definitions and lemmas which will be useful in the proof of our main results in Section 2.
Then in Section 3, we present a collective fixed-point theorem for a family of set-valued mappings defined on the product
space of locally FC-spaces. As applications, an intersection theorem is obtained. In Section 4, we prove some coincidence
theorems in FC-spaces, and by applying these theorems, we get some intersection theorems and a minimax theorem in
FC-spaces. Our results improve and generalize the corresponding results in Refs. [2,4,7,17,20] (see Remarks 3.1–3.3 and
4.1–4.3).
2. Preliminaries
Let X and Y be two nonempty sets. We denote by 2Y and 〈X〉 the family of all subsets of Y and the family of all nonempty
finite subsets of X , respectively. For each A ∈ 〈X〉, we denote by |A| the cardinality of A. Let ∆n denote the standard n-
dimensional simplex with the vertices {e0, . . . , en}. If J is a nonempty subset of {0, 1, . . . , n}, we shall denote by 4J the
convex hull of the vertices {ej : j ∈ J}.
Let X and Y be two topological spaces. A set-valued mapping T : X → 2Y is said to be upper semicontinuous
(in short, u.s.c) (resp., lower semicontinuous (in short, l.s.c)) on X if for each open (resp., closed) subset U of Y , the set
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{x ∈ X : T (x) ⊂ U} is open (resp., closed) in X . The following notions were introduced in [21]. If X and Y are two topological
spaces, G : X → 2Y is a set-valued mapping. A function f : X × Y → R ∪ {±∞} is said to be transfer upper (resp., lower)
continuous in (x, y)with respect to G, if for every (x, y) ∈ X × Y with y ∈ G(x), f (x, z) > f (x, y) (resp., f (x, z) < f (x, y)) for
some z ∈ G(x) implies that there exists a point z¯ ∈ Y and a neighborhood N(x, y) of (x, y) such that for any (x¯, y¯) ∈ N(x, y)
with y¯ ∈ G(x¯), f (x¯, z¯) > f (x¯, y¯) (resp., f (x¯, z¯) < f (x¯, y¯)) and z¯ ∈ G(x¯).
Definition 2.1 ([8]). (X, ϕN) is said to be an FC-space if X is a topological space and for each N = {x0, . . . , xn} ∈ 〈X〉
where some elements in N may be same, there exists a continuous mapping ϕN : ∆n → X . A subset D of X is said to
be an FC-subspace of X if for each N = {x0, . . . , xn} ∈ 〈X〉 and for each {xi0 , . . . , xik} ⊂ N ∩ D, ϕN(∆k) ⊂ D, where
∆k = co({eij : j = 0, . . . , k}).
For a subset A of X , we can define the FC-hull of A (see Ref. [8]) as follows:
FC(A) =
⋂
{B ⊂ X : A ⊂ B and B is FC-subspace of X}.
Clearly, FC(A) is a smallest FC-subspace of X containing A and each FC-subspace of X is also an FC-space.
The following notion of L-convex space was introduced in [3]. An L-convexity structure on a topological space X is given
by a nonempty set-valued mapping Γ : 〈X〉 → 2X satisfying the following condition:
(D1) For each A ∈ 〈X〉 with |A| = n + 1, there exists a continuous mapping φA : ∆n → Γ (A) such that B ∈ 〈A〉 with
|B| = J + 1, implies φA(∆J) ⊂ Γ (B),where∆J denotes the face of∆n corresponding to B ∈ 〈A〉.
The pair (X,Γ ) is then called an L-convex space. A set D ⊂ X is said to be L-convex if for each A ∈ 〈D〉, Γ (A) ⊂ D. A set
D ⊂ X is said to be L-compact if there exists a compact L-convex subset E of X containing D. If an L-convex space (X,Γ )
satisfies the following additional condition:
(D2) for each A, B ∈ 〈X〉, A ⊂ B implies Γ (A) ⊂ Γ (B), then the pair (X,Γ ) is called [19] a generalized convex (or G-convex)
space.
It is clear thatmany topological spacewith abstract convexity structure all are FC-spaces. In particular, any convex subset
of a topological vector space, anyH-space introduced in [15], any G-convex space introduced in [19] and any L-convex space
introduced in [3] all are FC-spaces. Hence, it is quite reasonable and valuable to study various nonlinear problems in FC-
spaces.
Definition 2.2. A subset D of X is said to be FC-compact if there exists a compact FC-subspace E of X containing D.
Definition 2.3 ([16]). (A) A uniformity on a set X is a subfamilyU of X × X which satisfies the following conditions:
(i) If V ∈ U, then∆ ⊂ V , where∆ = {(x, x) ∈ X} is said to be diagonal;
(ii) If V ∈ U, then V = −V = {(x, y) : (y, x) ∈ V } ⊂ U;
(iii) If V ∈ U, there exists aW ∈ U such thatW ◦W ⊂ V , whereW ◦W = {(x, z) : ∃y ∈ X such that (x, y) ∈ W , (y, z) ∈
W };
(iv) If V1, V2 ∈ U, then V1 ∩ V2 ∈ U;
(v) If V ∈ U and V ⊂ W ∈ X × X , thenW ∈ U.
Every set V ⊂ X × X which satisfies conditions (i) and (ii) is called an entourage of diagonal or symmetric entourage.
(B) A uniform space is a pair (X,U) consisting of a set X and a uniformityU on X . Let (X,U) be a uniform space. For each
V ∈ U and x ∈ X , we define the V -neighborhood of x as V [x] = {y ∈ X : (y, x) ∈ V }. Let
O = {G ⊂ X : for every x ∈ G there exists V ∈ U such that V [x] ⊂ G}.
Then O is a topology on X , and is called the topology induced by the uniformity U. Moreover, (X,O) is called a uniform
topological space.
Definition 2.4 ([9]). (X,U, ϕN) is said to be a locally FC-space if (X, ϕN) is an FC-space, and (X,U) is a uniform topological
space with a basis {Vλ}λ∈Λ of the uniformityU such that for each x ∈ X and V ∈ {Vλ}λ∈Λ the set V [x] = {y ∈ X : (y, x) ∈ V }
is an FC-subspace of X .
Definition 2.5 ([12]). Let X be a nonempty set. (Y , ϕN) be an FC-space. F : X → 2Y is said to be a generalized F-KKM
mapping if for any {x0, . . . , xn} ∈ 〈X〉, there exists N = {y0, . . . , yn} ∈ 〈Y 〉 such that for each {ei0 , . . . , eik} ⊂ {e0, . . . , en},
ϕN(∆k) ⊂
k⋃
j=0
F(xij),
where∆k = co({eij : j = 0, . . . , k}).
The following definition generalizes the corresponding notions of Ding [10].
Definition 2.6. Let (X, ϕN) be an FC-space and Y be topological space. For each y ∈ Y , f : X × Y → R is said to be FC-
quasiconvex (resp., FC-quasiconcave) if for each λ ∈ R, the set {x ∈ X : f (x, y) < λ} (resp., {x ∈ X : f (x, y) > λ}) is an
FC-subspace of X .
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The class KKM was introduced by Ding [9]. Let (X, ϕN) be an FC-space and Y be a topological space. If F , T : X → 2Y are
two set-valued mappings such that for each N ∈ 〈X〉 and for each {ei0 , . . . , eik} ⊂ {e0, . . . , en}, T (ϕN(∆k)) ⊂
⋃k
j=0 F(xij),
then F is said to be a generalized F-KKM mapping with respect to T . Let T : X → 2Y be a set-valued mapping such that
if F : X → 2Y is a generalized F-KKM mapping with respect to T then the family {Fx : x ∈ X} has the finite intersection
property, where Fx denotes the closure of Fx, then T is said to have the KKM property. Write
KKM(X, Y ) = {T : X → 2Y : T has the KKM property}.
In order to prove our main results, we need the following lemmas.
Lemma 2.1 ([8]). Let I be a finite or infinite index set. Let (Yi, ϕNi)i∈I be a family of FC-spaces. Let Y =
∏
i∈I Yi, ϕN =
∏
i∈I ϕNi .
Then (Y , ϕN) is also an FC-space, where N = {y0, . . . , yn} ∈ 〈Y 〉,Ni = pii(N) ∈ 〈Yi〉, pii : Y → Yi is the projection of Y onto Yi.
In the following, we shall assume that each topological space is Hausdorff. By Theorem 3.2 of Ding [9] and Corollary 3.1
of Ding [11], we have the following results.
Lemma 2.2. Let (X,U, ϕN) be a locally FC-space, D be an FC-compact subset of X, and T ∈ KKM(X,D) be upper semicontinuous
with closed values. Then T has a fixed point in X.
Lemma 2.3. Let (X, ϕN) be an FC-space and G : X → 2X is a set-valued mapping such that the following conditions hold:
(i) G is an F-KKM mapping;
(ii) for each x ∈ X, G(x) is closed in X and G(x) is compact for at least one x ∈ X.
Then
⋂
x∈X G(x) 6= ∅.
Lemma 2.4 ([21], p. 296). Let X and Y be two topological spaces. Let G : X → 2Y be a set-valued mapping with nonempty
compact values and closed graph, and let f : X × Y → R ∪ {±∞} be transfer upper continuous in (x, y) with respect to G. Then
the set-valued mapping M : X → 2Y defined by
M(x) = {y ∈ G(x) : f (x, y) = sup
z∈G(x)
f (x, z)}, ∀x ∈ X
is nonempty compact values and closed graph. If, in addition, G is upper semicontinuous, then M is also upper semicontinuous.
Let X and Y be two topological spaces. For a given class L of set-valuedmappings, L(X, Y ) denotes the set of set-valuedmappings
T : X → 2Y belonging to L, and Lc the set of finite composites of set-valued mappings in L.
Let U denote the class of set-valued mappings satisfying the following properties:
(1) U contains the class C of (single-valued) continuous mappings;
(2) each F ∈ Uc(X, Y ) is upper semicontinuouswith nonempty compact values,whereUc consists of finite composites ofmappings
in U;
(3) for any standard n-dimensional simplex∆n, each F ∈ Uc(∆n,∆n) has a fixed point.
Lemma 2.5. Let (X, ϕN) be an FC-space and Y be a topological space. If G ∈ Uc(X, Y ), then G ∈ KKM(X, Y ).
Proof. Let F : X → 2Y be an F-KKM mapping with respect to G. If the family {F(x) : x ∈ X} does not have the finite
intersection property, then there exists B = {x0, . . . , xn} ∈ 〈X〉 such that⋂x∈B F(x) = ∅, and hence, we have
G(ϕN(∆n)) ⊂ Y =
n⋃
i=0
(Y \ F(xi)). (2.1)
Since ϕN(∆n) is compact in X and G is upper semicontinuous with compact values, it follows from Proposition 3.1.11 of
Aubin and Ekeland in [1] that G(ϕN(∆n)) is compact. Let {ψi}ni=0 be the continuous partition of unity subordinated open
cover {Y \ F(xi)}ni=0, then we have
{y ∈ G(ϕN(∆n)) : ψi(y) 6= 0} ⊂ Y \ F(xi) ⊂ Y \ F(xi), ∀i ∈ {0, . . . , n}. (2.2)
Define a mapping ψ : G(ϕN(∆n))→ ∆n by
ψ(y) =
n∑
i=0
ψi(y)ei,∀y ∈ G(ϕN(∆n)).
Then ψ ◦ G ◦ ϕN ∈ Uc(∆n,∆n) has a fixed point z0 ∈ ∆n, i.e., z0 ∈ ψ ◦ G ◦ ϕN(z0). Hence, there exists y0 ∈ G(ϕN(z0)) such
that
z0 = ψ(y0) =
∑
i∈J(y0)
ψi(y0)ei ∈ ∆J(y0),
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where J(y0) = {j ∈ {0, . . . , n} : ψj(y0) 6= 0}. It follows that
y0 ∈ G(ϕN(z0)) ⊂ G(ϕN(∆J(y0))).
On the other hand, since ψj(y0) 6= 0 for all j ∈ J(y0), it follows from (2.2) that
y0 ∈
⋂
j∈J(y0)
(Y \ Fxj) = Y \
⋃
j∈J(y0)
Fxj.
Hence, we obtain
G(ϕN(∆J(y0))) 6⊂
⋃
j∈J(y0)
Fxj,
which contradicts the fact that F is an F-KKM mapping with respect to G. Therefore, the family {F(x) : x ∈ X} has the finite
intersection property and G ∈ KKM(X, Y ). This completes the proof. 
3. Collective fixed point theorem and its applications
Theorem 3.1. Let (Xi,Ui, ϕNi)i∈I be a family of locally FC-spaces with eachUi having an open basis βi of symmetric entourages.
For each i ∈ I , let Di be an FC-compact subset of Xi and Ti ∈ KKM(X i,Di) be upper semicontinuous with closed values. Then there
exists xˆ = (xˆi)i∈I ∈ X such that xˆi ∈ Ti(pi i(xˆ)) for each i ∈ I , where X = ∏i∈I Xi, X i = ∏j6=i Xj, pi i : X → X i is the projection of
X onto X i.
Proof. Let ϕN =∏i∈I ϕNi . It follows from Lemma 2.1 that (X, ϕN) is an FC-space. For each∏i∈I Ui ∈∏i∈I βi, define
U∏
i∈I
Ui = {(x, y) ∈ X × X : (xi, yi) ∈ Ui, for all i ∈ I}.
Then the family U = {U∏
i∈I Ui :
∏
i∈I Ui ∈
∏
i∈I Ui} is an open basis of symmetric entourages for the product uniformity,
and associated uniform topology on X = ∏i∈I Xi is the product of the uniform topologies on Xi for all i ∈ I . Let X = ∏i∈I Xi
be equipped with the product uniform topology. For each x = (xi)i∈I ∈ X and for each U ∈ U, we have
U[x] = {y ∈ X : (x, y) ∈ U} = {y ∈ X : (xi, yi) ∈ Ui, for all i ∈ I}
= {y ∈ X : yi ∈ Ui[xi], for all i ∈ I} =
∏
i∈I
Ui[xi].
Since for each i ∈ I,Ui[xi] is an FC-subspace of Xi, for each Ai ∈ 〈Ui[xi]〉, we obtain ϕNi(∆k) ⊂ Ui[xi], where
∆k = co({eij : j = 0, . . . , k}). It follows that
ϕN(∆k) =
∏
i∈I
ϕNi(∆k) ⊂
∏
i∈I
Ui[xi] = U[x].
This shows that U[x] is an FC-subspace of (X,U, ϕN ). So the product space (X,U, ϕN) of locally FC-spaces (Xi,Ui, ϕNi) is
also a locally FC-space. Let D =∏i∈I Di, so D is also FC-compact subset of X . Define a set-valued mapping T : X → 2D by
Tx =
∏
i∈I
Ti(pi i(x)), ∀x ∈ X .
Now we show that T ∈ KKM(X,D). Since for each i ∈ I, Ti ∈ KKM(X i,Di). Let Fi : X i → 2Di be an F-KKM mapping
with respect to Ti such that Fi(xi) is closed in Di for each xi ∈ X i, then the family {Fi(xi) : xi ∈ X i} has the finite intersection
property. Define a set-valued mapping F : X → 2D by
F(x) =
∏
i∈I
Fi(pi i(x)) =
∏
i∈I
Fi(xi), ∀x ∈ X,
where pi i : X → X i is the projection of X onto X i. Since (Xi, ϕNi ,Ui)i∈I is a family of FC-spaces, let X i =
∏
j6=i Xj and
ϕN i =
∏
j6=i ϕNj . It follows from Lemma 2.1 that (X
i, ϕN i) is an FC-space. Since for each i ∈ I, Ti ∈ KKM(X i,Di). So for each
A ∈ 〈X〉, and for each i ∈ I and Ai ∈ 〈X i〉 such that for each {ej0 , . . . , ejk} ⊂ {e0, . . . , en},
Ti(ϕN i(∆k)) ⊂
k⋃
r=0
Fi(xijr ),
where∆k = co({eij : j = 0, . . . , k}). Then for each A ∈ 〈X〉 such that for each {ej0 , . . . , ejk} ⊂ {e0, . . . , en}, we have
T (ϕN(∆k)) =
∏
i∈I
Ti(pi i(ϕN(∆k))) =
∏
i∈I
Ti(ϕN i(∆k)) ⊂
∏
i∈I
k⋃
r=0
Fi(xijr ) =
k⋃
r=0
∏
i∈I
Fi(xijr ) =
k⋃
r=0
F(xjr ).
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This prove that F : X → 2D is an F-KKM mapping with respect to T . Since Fi(xi) is closed in Di for each xi ∈ X i, so F(x) is
closed in D for each x ∈ X . If the family {Fx : x ∈ X} does not have the finite intersection property, then there exists B ∈ 〈X〉
such that
⋂
x∈B Fx = ∅. It follows that
⋂
x∈B
∏
i∈I Fi(pi i(x)) = ∅, and hence, there exists i ∈ I such that
⋂
x∈B Fi(pi i(x)) = ∅,
which contradicts the fact that for each i ∈ I , the family {Fixi : xi ∈ X i} has the finite intersection property. Therefore,
the family {Fx : x ∈ X} has the finite intersection property and T ∈ KKM(X,D). Since each Ti is upper semicontinuous
with closed values and Di is FC-compact. Following the idea of Lemma 3 of Ref. [14], T is also upper semicontinuous with
closed values. All conditions of Lemma 2.2 are satisfied. By Lemma 2.2, there exists a point xˆ = (xˆi)i∈I ∈ X such that
xˆ ∈ T xˆ =∏i∈I Ti(pi i(xˆ)) =∏i∈I Ti(xˆi), i.e., xˆi ∈ Ti(xˆi) for each i ∈ I . 
Remark 3.1. Theorem 3.1 generalizes Theorem 3.1 in [7] in the following ways: (1) from a family of set-valued mappings
defined on the product space of locally L-convex spaces to a family of set-valued mappings defined on the product
space of locally FC-spaces; (2) the class KKM(X i,Di) upper semicontinuous with closed values includes the class of upper
semicontinuous set-valued mappings with closed values satisfying one of the following conditions: ‘‘(i) for each i ∈ I and
for each xi ∈ X i,Gi(xi) is acyclic, if I is finite; (ii) for each x ∈ X,∏i∈I Gi(xi) is an acyclic subset of X , if I is infinite’’ as special
cases.
Corollary 3.1. Let (Xi,Ui, ϕNi)i∈I be a family of locally FC-spaces with eachUi having an open basis βi of symmetric entourages.
For each i ∈ I , let Di be an FC-compact subset of Xi and Ai : X i → 2Di be upper semicontinuous mapping with nonempty closed
values, andφi : X = X i×Xi → R be a function such that for each i ∈ I ,φi(xi, xi) is transfer lower continuous in (xi, xi)with respect
to Ai, for any standard n-simplex ∆n and xi ∈ ϕN i(∆n), φi(xi, xi) = infzi∈Ai(xi) φi(xi, zi), where X i =
∏
j6=i Xj, ϕN i =
∏
j6=i ϕNj .
Then there exists xˆ = (xˆi, xˆi) ∈ D =∏i∈I Di such that for each i ∈ I ,
xˆi ∈ Ai(xˆi) and φi(xˆ) = φi(xˆi, xˆi) = min
yi∈Ai(xˆi)
φi(xˆi, yi).
Proof. For each i ∈ I , define a set-valued mapping Gi : X i → 2Di by
Gi(xi) = {yi ∈ Ai(xi) : φi(xi, yi) = inf
zi∈Ai(xi)
φi(xi, zi)}
= {yi ∈ Ai(xi) : −φi(xi, yi) = sup
zi∈Ai(xi)
(−φi(xi, zi))}, for each xi ∈ X i.
Since for each i ∈ I , φi(xi, xi) is transfer lower continuous in (xi, xi) with respect to Ai, hence, we have that−φi(xi, xi) is
transfer upper continuous in (xi, xi)with respect to Ai. Since for each i ∈ I and xi ∈ X i, Ai(xi) is closed and is contained in an
FC-compact subset of Xi, therefore, Ai has compact values. From Lemma 2.4, it follows that Gi is upper semicontinuous with
nonempty compact values, and since for any standard n-simplex ∆n and xi ∈ ϕN i(∆n), φi(xi, xi) = infzi∈Ai(xi) φi(xi, zi), we
have that Gi ∈ Uc(X i,Di). (X i, ϕN i) is an FC-space since (Xi, ϕNi) is an FC-space. By Lemma 2.5, we have Gi ∈ KKM(X i,Di).
All conditions of Theorem 3.1 are satisfied. By Theorem 3.1, there exists xˆ = (xˆi, xˆi) ∈ D such that xˆi ∈ Gi(xˆi) for each i ∈ I .
Hence, we obtain for each i ∈ I ,
xˆi ∈ Ai(xˆi) and φi(xˆ) = φi(xˆi, xˆi) = min
yi∈Ai(xˆi)
φi(xˆi, yi). 
Remark 3.2. Compare Corollary 3.1 with Theorem 3.3 in [7], we have the following conclusions: (1) The locally FC-space is
more general than the locally L-convex space; (2) Corollary 3.1 remove the condition of Theorem 3.3 in [7] ‘‘such that one
of the following conditions is satisfied: (a) for each i ∈ I and xi ∈ X i, the set {yi ∈ Ai(xi) : φi(xi, yi) = infzi∈Ai(xi) φi(xi, zi)} is
acyclic if I is finite; (b) for each x ∈ X , the set∏i∈I{yi ∈ Ai(xi) : φi(xi, yi) = infzi∈Ai(xi) φi(xi, zi)} is acyclic if I is infinite’’.
Corollary 3.2. Let (Xi,Ui, ϕNi)i∈I be a family of compact locally FC-spaces with eachUi having an open basis βi of symmetric
entourages. Let {Ai}i∈I be a family of closed subsets of X such that for each i ∈ I and xi ∈ X i, {yi ∈ Xi : (xi, yi) ∈ Ai} 6= ∅. Then⋂
i∈I Ai 6= ∅.
Proof. First, for each i ∈ I , define a set-valued mapping Gi : X i → 2Xi by Gi(xi) = {yi ∈ Xi : (xi, yi) ∈ Ai} for each xi ∈ X i.
Since the graph Gr(Gi) = Ai is closed in X = (X i, Xi) and Xi is compact, it follows that Gi is upper semicontinuous on X i with
nonempty closed values.
Next, for each i ∈ I , we will prove that Gi ∈ KKM(X i, Xi). Let Fi : X i → 2Xi be an F-KKM mapping with respect to Gi.
If the family {Fi(xi) : xi ∈ X i} does not have the finite intersection property, then there exists B = {x0, . . . , xn} ∈ 〈X〉 and
Bi = {xi0, . . . , xin} ∈ 〈X i〉 such that
⋂
xi∈Bi Fi(xi) = ∅, and hence, we have
Xi =
n⋃
j=0
(Xi \ Fi(xij)). (3.1)
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Let {ψij}nj=0 be the continuous partition of unity subordinated the open cover {Xi \ Fi(xij)}nj=0, then we have
{yi ∈ Xi : ψij(yi) 6= 0} ⊂ Xi \ Fi(xij) ⊂ Xi \ Fi(xij), ∀j ∈ {0, . . . , n}. (3.2)
Define a mappingψi : Xi → ∆n byψi(yi) =∑nj=0 ψij(yi)ej. Thenψi is continuous. Since (Xi, ϕNi)i∈I is a family of FC-spaces,
let X i = ∏j6=i Xj and ϕN i = ∏j6=i ϕNj . It follows from Lemma 2.1 that (X i, ϕN i) is an FC-space, there exists a continuous
mapping ϕN i : ∆n → X i. Hence, we have
ϕN i ◦ ψi(yi) ⊂ ϕN i(∆J(yi)), ∀yi ∈ Xi,
where J(yi) = {j ∈ {0, 1, . . . , n} : ψij(yi) 6= 0}. X i is compact since (Xi,Ui, ϕNi)i∈I is a family of compact FC-spaces and Gi is
upper semicontinuous on X i, thenψi ◦ Gi ◦ ϕN i ∈ Uc(∆n,∆n) has a fixed point z ∈ ∆n, i.e., z ∈ ψi ◦ Gi ◦ ϕN i(z). Hence, there
exists yi ∈ Gi(ϕN i(z)) such that z = ψi(yi) =
∑
j∈J(yi) ψij(yi)ej ∈ ∆J(yi). It follows that yi ∈ Gi(ϕN i(z)) ⊂ Gi(ϕN i(∆J(yi))).
On the other hand, since ψij(yi) 6= 0 for all j ∈ J(yi), it follows from (3.2) that
yi ∈
⋂
j∈J(yi)
(Xi \ Fi(xij)) = Xi \
⋃
j∈J(yi)
Fi(xij).
Hence, we obtain
Gi(ϕN i(∆J(yi))) 6⊂
⋃
j∈J(yi)
Fi(xij),
which contradicts the fact that Fi is an F-KKMmappingwith respect toGi. Therefore, For each i ∈ I , the family {Fi(xi) : xi ∈ X i}
has the finite intersection property and Gi ∈ KKM(X i, Xi). All conditions of Theorem 3.1 are satisfied. By Theorem 3.1, there
exists xˆ = (xˆi, xˆi) ∈ X such that xˆi ∈ Gi(xˆi) for each i ∈ I; i.e., xˆ ∈ Ai for each i ∈ I , so⋂i∈I Ai 6= ∅. This completes the proof.

Remark 3.3. Compare Corollary 3.2 with Theorem 3.2 in [7], we have the following conclusions: (1) The locally FC-space is
more general than the locally L-convex space; (2) Corollary 3.2 remove the condition of Theorem 3.2 in [7] ‘‘such that one
of the following conditions is satisfied: (i) for each i ∈ I and xi ∈ X i, {yi ∈ Xi : (xi, yi) ∈ Ai} is a nonempty acyclic subset of
Di if I is finite; (ii) for each x ∈ X,∏i∈I{yi ∈ Xi : (xi, yi) ∈ Ai} is an acyclic subset of X if I is infinite’’.
4. KKM type theorem and coincidence theorems
Theorem 4.1. Let M be a subset of FC-space (X, ϕN), Y be a topological space, and F : M → 2Y is a set-valued mapping having
the following properties:
(i) for each x ∈ M, F(x) is compactly closed in Y ;
(ii) for some continuous mapping s : X → Y , the set-valued mapping G : M → 2X given by G(x) = s−1(F(x)) is an F-KKM
mapping;
(iii) there exists a compact set L ⊂ Y and an FC-compact subset K of X such that for each subset C of X with K ⊂ C ⊂ X, we
have
⋂{F(x) ∩ s(C) : x ∈ C ∩M} ⊂ L.
Then
⋂{F(x) : x ∈ M} 6= ∅.
Proof. Let X0 is a compact FC-subspace of X containing K and let Y0 = s(X0). It follows from condition (iii) that⋂{F(x)∩Y0 :
x ∈ X0 ∩M} ⊂ L. Hence, we have
n⋂
i=1
(F(xi) ∩ L) ⊃
⋂
{F(x) ∩ Y0 : x ∈ X0 ∩M}. (4.1)
Let s0 : X0 → Y0 be the continuous mapping given by s0(x) = s(x) for all x ∈ X0. Define a set-valued mapping
G0 : X0 ∩M → 2X0 by
G0(x) = s−10 (F(x) ∩ Y0) for all x ∈ X0 ∩M.
First, it follows from condition (ii) that G is an F-KKM mapping, since G0(x) = G(x) ∩ X0, so G0 is also an F-KKM mapping.
Next, it follows from condition (i) that F(x) ∩ Y0 is closed in the compact set Y0, since s0 is continuous from X0 to Y0, so
each G0(x) is closed in X0. All conditions of Lemma 2.3 are satisfied. By Lemma 2.3, it follows that
⋂
x∈X0∩M G0(x) 6= ∅, so we
have
⋂
x∈X0∩M F(x)∩ Y0 6= ∅. By (4.1), it follows that
⋂n
i=1(F(xi)∩ L) 6= ∅. Since F(x)∩ Y0 is closed in the compact set Y0, so
we have
⋂
x∈M(F(x)∩ L) 6= ∅. Since
⋂
x∈M(F(x)∩ L) ⊂
⋂
x∈M F(x), it follows that
⋂{F(x) : x ∈ M} 6= ∅. This completes the
proof. 
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Theorem 4.2. Let (X, ϕN) be an FC-space, Y be any topological space and S : X → 2Y is a set-valued mapping such that the
following conditions hold:
(i) for each x ∈ X, S(x) is compactly open in Y ;
(ii) for each y ∈ Y , S−1(y) is nonempty FC-subspace of X;
(iii) for some FC-compact subset K of X, the set Y \⋃x∈K S(x) is compact.
Then, for any continuous mapping s : X → Y , there exists x ∈ X such that s(x) ∈ S(x).
Proof. Define a set-valued mapping F : X → 2Y by F(x) = Y \ S(x) for all x ∈ X . It follows from condition (i) that each F(x)
is compactly closed in Y . Furthermore, by condition (iii),
⋂{F(x) : x ∈ K} is compact. Now, let s : X → Y be any continuous
mapping and let G : X → 2X be the set-valuedmapping defined by G(x) = s−1(F(x)) for all x ∈ X . If G is an F-KKM mapping,
all conditions of Theorem 4.1 are satisfied. By Theorem 4.1, it follows that⋂
{F(x) : x ∈ X} 6= ∅. (4.2)
On the other hand, it follows from condition (ii) that
⋂{F(x) : x ∈ X} = ∅, which contradicts (4.2). Hence, G is not an
F-KKM mapping, so there exists {x0, . . . , xn} ∈ 〈X〉 and x ∈ ϕN(∆n) such that x 6∈ ⋃ni=0 F(xi), i.e., s(x) 6∈ ⋃ni=0 G(xi), so we
have s(x) ∈ ⋂ni=0 S(xi). This means that xi ∈ S−1(s(x)) for each i = 0, 1, . . . , n, and we have x ∈ ϕN(∆n) ⊂ S−1(s(x)) since
condition (ii). Hence, we have x ∈ S−1(s(x)), that is, s(x) ∈ S(x). This completes the proof. 
Remark 4.1. Theorem 4.1 generalizes Theorem 1 in [17] in the following ways: (1.1) from convex spaces to FC-spaces; (1.2)
from c-compact to FC-compact; Theorem 4.1 also generalizes Theorem 1 in [2] in the followingways: (2.1) fromH-spaces to
FC-spaces; (2.2) from H-compact to FC-compact. Theorem 4.2 generalizes Theorem 1.1 in [17] in the following ways: from
convex space to FC-space and from c-compact to FC-compact. When X = Y , we have the following fixed point theorem.
Corollary 4.1. Let (X, ϕN) be an FC-space and S : X → 2X is a set-valued mapping such that the following conditions hold:
(i) for each x ∈ X, S(x) is compactly open in X;
(ii) for each y ∈ X, S−1(y) is nonempty FC-subspace of X;
(iii) for some FC-compact subset K of X, the set X \⋃x∈K S(x) is compact.
Then there exists xˆ ∈ X such that xˆ ∈ S(xˆ).
As applications, we have the following intersection theorems and minimax theorems.
Corollary 4.2. Let (X1, ϕN1), . . . , (Xn, ϕNn) be n (n ≥ 2) FC-spaces and let A(1), . . . , A(n) be n subsets of X =
∏n
i=1 Xi
satisfying the following conditions:
(i) for each i and for each xi ∈ Xi, the section Ai(xi) = {yi ∈ X i : (xi, yi) ∈ A(i)} is compactly open in X i;
(ii) for each i and for each yi ∈ X i, the section Ai(yi) = {xi ∈ Xi : (xi, yi) ∈ A(i)} is nonempty and FC-subspace of Xi;
(iii) for at least (n− 1) indices i, there is an FC-compact subset Ki of Xi such that X i \⋃xi∈Ki Ai(xi) is compact.
Then
⋂n
i=1 A(i) 6= ∅.
Proof. The proof is divided into two parts. In the first step, we construct a family of nonempty compact FC-subspaces
Ci ⊂ Xi, i ∈ {1, 2, . . . , n}, such that
for each i, C i ⊂
⋃
xi∈Ci
Ai(xi). (4.3)
In the second step, we show that the set-valued mapping S : C =∏ni=1 Ci → 2C defined by
S(x) = {y ∈ C : yi ∈ Ai(xi) for each i}
has a fixed point, which will complete the proof since x ∈ S(x) is equivalent to x ∈⋂ni=1 A(i).
First step. Without loss of generality, we may assume that condition (iii) holds for i = 2, 3, . . . , n. It can easily be seen
that the condition ‘‘for each i and for each yi ∈ X i, the section Ai(yi) is nonempty’’ is equivalent to
for each i, X i =
⋃
xi∈Xi
Ai(xi). (4.4)
It follows from (4.4), condition (i) and condition (iii) that for each i = 2, 3, . . . , n, there exists a finite set {x1i , x2i , . . . , xlii } ⊂ Xi
such that X i \⋃xi∈Ki Ai(xi) ⊂⋃lik=1 Ai(xki ). Thus, we have
for each i = 2, 3, . . . , n, X i ⊂ ∪lik=1 Ai(xki )
⋃
∪xi∈Ki Ai(xi). (4.5)
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For each i = 2, 3, . . . , n, let Ci be the compact FC-subspace of (Xi, ϕNi) defined by
Ci = FC({x1i , x2i , . . . , xlii } ∪ Ki).
By (4.5), we have
for each i = 2, 3, . . . , n, X i ⊂
⋃
xi∈Ci
Ai(xi). (4.6)
When the case i = 1,∏ni=2 Ci is a compact FC-subspace of (X1, ϕN1); Since condition (i) and (4.4), there exists
{x11, x21, . . . , xl11 } ⊂ X1 such that
∏n
i=2 Ci ⊂
⋃l1
k=1 A1(x
k
1). Let C1 be the compact FC-subspace of X1 defined by C1 =
FC{x11, x21, . . . , xl11 }. We have
n∏
i=2
Ci ⊂
⋃
x1∈C1
A1(x1). (4.7)
It follows from (4.6) and (4.7) that (4.3) holds, i.e., for each i, X i =⋃xi∈Xi Ai(xi).
Second step. We show that S has a fixed point by applying Corollary 4.1 with X = Y = C = ∏ni=1 Ci. For each
x ∈ C , the set S(x) = {y ∈ C : yi ∈ Ai(xi) for each i} is open in C since condition (i). Now, fix y ∈ C . We have
S−1(y) = {x ∈ C : yi ∈ Ai(xi) for each i} = ∏ni=1(Ai(yi) ∩ Ci); from condition (ii), we may have that Ai(yi) is FC-subspace
of (Xi, ϕNi), so (Ai(y
i) ∩ Ci) is FC-subspace of Xi since Ci is FC-subspace of Xi. Hence, we have that S−1(y) is FC-subspace of∏n
i=1 Xi. It follows from (4.3) that S−1(y) is nonempty. Furthermore, C is compact since Ci is compact. Thus, all conditions
of Corollary 4.1 are satisfied. By Corollary 4.1, S has a fixed point x, i.e., x ∈ S(x), This is equivalent to x ∈ ⋂ni=1 A(i),
i.e.,
⋂n
i=1 A(i) 6= ∅. This completes the proof. 
Remark 4.2. Corollary 4.2 generalizes Theorem 1.9 in [17] in the following ways: (1) from convex spaces to FC-spaces; (2)
from c-compact to FC-compact; (3) from the section Ai(yi) is convex to the section Ai(yi) is FC-subspace of Xi. In case n = 2,
Corollary 4.2 becomes the following coincidence theorem.
Corollary 4.3. Let (X, ϕN) and (Y , ϕM) be FC-spaces and let S, T : X → 2Y be two set-valued mappings satisfying the following
conditions:
(i) for each x ∈ X, S(x) is compactly open in Y , while T (x) is nonempty and FC-subspace of Y ;
(ii) for each y ∈ Y , S−1(y) is nonempty and FC-subspace of X, while T−1(y) is compactly open in X;
(iii) for some FC-compact subset K of X, the set Y \ ∪x∈K S(x) is compact.
Then, there exists x ∈ X such that S(x) ∩ T (x) 6= ∅.
Corollary 4.4. Let (X, ϕN) and (Y , ϕM) be FC-spaces and let f : X × Y → R ∪ {±∞} be a function satisfying the following
conditions:
(i) for each fixed x ∈ X, the function y→ f (x, y) is quasiconvex on Y and lower semicontinuous on compact subset of Y ;
(ii) for each fixed y ∈ Y , the function x→ f (x, y) is quasiconcave on X and upper semicontinuous on compact subset of X;
(iii) for some FC-compact subset K of X and some γ > supx∈X infy∈Y f (x, y), the set L = {y ∈ Y : maxx∈K f (x, y) ≤ γ } is
compact.
Then, the following equality holds: supx∈X infy∈Y f (x, y) = miny∈Y supx∈X f (x, y).
Proof. Following the idea of Dugundji and Granas [13], clearly, any function f satisfies the inequality α =
supx∈X infy∈Y f (x, y) ≤ β = infy∈Y supx∈X f (x, y). Suppose there exists a real number γ such that α < γ < β (we may
assume γ ≤ γ ); we show that this leads to a contradiction. Now define two set-valued mappings S, T : X → 2Y by
S(x) = {y ∈ Y : f (x, y) > γ } and T (x) = {y ∈ Y : f (x, y) < γ }. It follows from condition (i) that T (x) is nonempty and FC-
subspace of Y and T−1(y) = {x ∈ X : f (x, y) < γ } is compactly open in X . It follows from condition (ii) that S(x) is compactly
open in Y and S−1(y) = {x ∈ X : f (x, y) > γ } is nonempty and FC-subspace of X . Since L = {y ∈ Y : maxx∈K f (x, y) ≤ γ }
is compact and Y \ ∪x∈K S(x) = {y ∈ Y : maxx∈K f (x, y) ≤ γ } ⊂ {y ∈ Y : maxx∈K f (x, y) ≤ γ } = L, hence, we have that
Y \∪x∈K S(x) is compact by condition (i). Thus, all conditions of Corollary 4.3 are satisfied. By Corollary 4.3, there exists x ∈ X
such that S(x)∩ T (x) 6= ∅, which contradicts the definitions of S(x) and T (x). Hence, we have α = β . So L is nonempty since
γ > supx∈X infy∈Y f (x, y) = β . Define a functionψ(y) = supx∈X f (x, y), we have thatψ is lower semicontinuous on compact
subset L of Y . Hence, the minimum of ψ exists on Y , so miny∈Y ψ(y) = miny∈Y supx∈X f (x, y) = infy∈Y supx∈X f (x, y) =
supx∈X infy∈Y f (x, y). This completes the proof. 
Remark 4.3. Corollary 4.4 generalizes Theorem 1.11 in [17] in the following ways: (1.1) from convex spaces to FC-
spaces; (1.2) from c-compact to FC-compact; (1.3) from quasiconvex (resp., quasiconcave) to FC-quasiconvex (resp., FC-
quasiconcave); Corollary 4.4 generalizes Theorem2.4 in [20] in the followingways: (2.1) fromG-convex spaces to FC-spaces;
(2.2) from compact Γ -convex to FC-compact; (2.3) from Γ -quasiconvex (resp., Γ -quasiconcave) to FC-quasiconvex (resp.,
FC-quasiconcave).
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